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Abstract
Cyclotomic polynomials play fundamental roles in number theory, combinatorics, algebra and their
applications. Hence their properties have been extensively investigated. In this paper, we study the
maximum gap g (maximum of the differences between any two consecutive exponents). In 2012, it was
shown that g (Φp1p2) = p1−1 for primes p2 > p1. In 2017, based on numerous calculations, the following
generalization was conjectured: g (Φmp) = ϕ(m) for square free odd m and prime p > m. The main
contribution of this paper is a proof of this conjecture.
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1 Introduction
The n-th cyclotomic polynomial Φn is defined as the monic polynomial in Z[x] whose complex roots are
the primitive n-th roots of unity. The cyclotomic polynomials play fundamental roles in number theory,
algebra, combinatorics and their applications, which motivated the extensive investigation on its structure,
for instance ‘height’, ‘jump’, and ‘gap’.
The investigation on height (maximum absolute value of coefficients) was initiated by the finding that
the height can be bigger than 1 (as exhibited by n = 105). It has produced numerous results, to list a few:
upper bound [11, 10, 6, 12, 36, 17, 32, 7, 9, 13, 31], realizability [37, 29, 18, 19, 23, 21, 22, 35, 26], and
flatness [8, 16, 27, 28, 39]. The investigation on jumps (a jump happens when two consecutive coefficients
are different) was initiated by Bzde¸ga [14] which was motivated by the work of Gallot and Moree [21]. A
sharp bound of the number of jumps for ternary cyclotomic polynomials is provided in [15].
The investigation on maximum gap (maximum difference between the consecutive exponents, see Def-
inition 10) was motivated by its need for analyzing the complexity [25] of a certain cryptographic pairing
operation over elliptic curves [20, 30, 40]. Later it became a problem on its own because it could be viewed
as a first step toward understanding of sparsity structure of cyclotomic polynomials. In 2012 [24], it was
shown that the maximum gap for binary cyclotomic polynomial Φp1p2 is p1 − 1, that is, g(Φp1p2) = p1 − 1.
In 2014, Moree [34] revisited the result and provided an inspiring conceptual proof by making a connection
to numerical semigroups of embedding dimension two. In 2016, Zhang [38] gave a simpler proof, along
with the result on the number of occurrences of the maximum gaps. Concurrently, Camburu, et al. [15]
communicated an even simpler proof by Kaplan. Thus we feel that the investigation of maximum gap of
binary cyclotomic polynomials is practically completed. Hence, the next natural challenge is to study the
maximum gap of ternary cyclotomic polynomials, and ultimately, arbitrary cyclotomic polynomials.
In this paper, we tackle the maximum gap in arbitrary case. The following three graphs visualize the
relation between n and g(Φn), where the horizontal axis stands for n and the vertical axis for g(Φn).
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(A) arbitrary n (B) odd square-free n (C) n = mp for m = 105, p > 7 prime
Graph A shows g(Φn) for arbitrary n up to 499. It is not easy to discern any pattern on the relation
between n and g(Φn), mainly because there are several very large values of g(Φn), pushing down other values
toward 0. Close inspection shows that those n are usually non-square-free. In fact it can be easily explained
by the basic property of cyclotomic polynomial
Φn (x) = Φradical(n)
(
x
n
radical(n)
)
which implies g(Φn) =
n
radical(n)
g(Φradical(n))
The factor nradical(n) contributes to the largeness. Thus we will restrict the study to square-free n. But then
we recall another basic property
Φ2n (x) = ±Φn (−x) in turn g(Φ2n) = g(Φn).
Hence we will further restrict the study to odd square-free n.
Graph B shows g(Φn) for only odd square-free n up to 499. Now we see some patterns: there are several
horizontal lines, that is, several values of n have same values for g(Φn). Close inspection shows that many
of them have same prime factors, except the biggest prime factor. This motivates us to restrict n to be mp
for a fixed odd square-free m and arbitrary prime p which is bigger than all prime factors of m.
Graph C shows g(Φn) for n where n = mp for m = 105 and arbitrary prime p which is bigger than
all prime factors of m. Now we finally see some striking patterns. The graph appears to be a piece-wise
linear curve with several flat line segments. In particular, there is a flat line apparently forever to the right.
Close observation shows that the flat line starts from the smallest prime p > m and the value is ϕ(m). In
2017 [3, 4], through numerous computational confirmation, it was conjectured that the phenomena always
hold. In fact, it is consistent with the previous result in [24], that is, for any two primes p1 < p2, we have
g(Φp1p2) = p1 − 1 = ϕ(m), when we let m = p1 and p = p2. The main contribution of this paper is to prove
this conjecture.
Theorem 1 (Main). If m is a square-free odd integer and p > m is a prime, then
g(Φmp) = ϕ(m)
For proving this result, we began by reviewing various proof techniques used for studying cyclotomic
polynomials. We noticed that a fruitful technique has been dividing the Φmp into several blocks (Notation
1) and investigate and exploit their relations. Several nice relations (such as repetition and invariance) were
observed by [5, 27, 28]. See [1, 2] for a list of those relations. Those relations have been successively used
for computing cyclotomic polynomials efficiently by Arnold and Monagan [5] and for studying flatness by
Kaplan [27, 28].
Encouraged by the effectiveness of the relations, we also applied them to the study of maximum gap.
The relations allowed us to focus on a few representative blocks instead of all the blocks of the cyclotomic
polynomial. However, the relations were not enough for proving the conjecture, mainly due to the lack
of understanding of the representative blocks. In [1, 2], an explicit expression for the blocks was derived.
The explicit expression for the blocks allowed us to prove the conjecture for a certain family of cyclotomic
polynomials. However, the explicit expression was not enough for proving the full conjecture, mainly because
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it is a sum of several polynomials. The summation could cause introduction and cancellation of terms,
resulting in shrinking, enlarging, splitting of gaps, which is very difficult to analyze.
Then, we hit on the key structural observation: All representative blocks are divisible by the m-th inverse
cyclotomic polynomial (for the definition of inverse cyclotomic polynomial, see [33] and Definition 5). We
captured the observation by deriving another expression for blocks, that makes the divisibility explicit
(Theorem 2). Using the new explicit expression for the blocks along with the known relations among blocks,
we were able to show that the maximum gaps within and between blocks are all less than or equal to
ϕ(m), finally proving the conjecture. We hope that the structural result (Theorem 2) could be useful for
investigating other properties of cyclotomic polynomials.
The paper is structured as follows: In section 2 we review a usual division of Φmp into several blocks
(Notation 1) and list several known or easily provable relations among blocks (Lemma 6). Then we prove
the key structural result on blocks (Theorem 2). In section 3, using the key structural result for blocks along
with the relations among blocks, we show that the maximum gaps within and between blocks are all less
than or equal to ϕ(m), finally proving the conjecture.
2 Blocks
In this section we review a usual division of Φmp into several blocks. Then we study each block and their
relations. Lemma 6 list some known or new relations among blocks, explicitly and concisely. Theorem 2
contains the key finding on the structure of each block. It provides an explicit expression, which shows that
almost all blocks are divisible by an inverse cyclotomic polynomial.
Notation 1 (Division and blocks). We divide Φmp as follows:
Φmp =
ϕ(m)−1∑
i=0
fm,p,i x
ip where deg fm,p,i < p
fm,p,i =
q∑
j=0
fm,p,i,j x
jm where deg fm,p,i,j < m
where q = quo (p,m) and r = rem(p,m). Observing the sizes of each blocks, we call
1. fm,p,i a p-block
2. fm,p,i,j an m-block for j < q
3. fm,p,i,q an r-block
Example 2. Let m = 15 and p = 53. Then ϕ (m) = 8, q = 3 and r = 8. The following diagram illustrates
the division of Φmp into p-blocks and then the division of each p-block into three m-blocks and one r-block.
p
m m m r
p
m m m r
fm,p,0,0 fm,p,0,1 fm,p,0,2 fm,p,0,3
m-block m-block m-block r-block
fm,p,1,0 fm,p,1,1 fm,p,1,2 fm,p,1,3
m-block m-block m-block r-block
fm,p,0 fm,p,1
p-block p-block
where the long shaded strip stand for the terms in Φmp (increasing order in the exponents). In order to avoid
going off the right margin, we cut the diagram off at the margin.
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Remark 3. In Notation 1, the upper bound ϕ (m)− 1 for the index i is from the following observation:
quo (deg Φmp, p) = quo (ϕ (mp) , p) = quo (ϕ (m) (p− 1) , p) = ϕ (m)− 1
Now we “conquer” the blocks. We begin by finding relation between blocks (Lemma 6). Then, using the
relation, we derive an explicit expression for blocks (Theorem 2). This is the “key” result, since it will play a
crucial role in the remainder of the paper. We end this subsection, by deriving a few immediate consequences
(Corollaries 9 and 8). To present all these results compactly, we will introduce a few notations and notions.
Notation 4 (Block operations). Let h =
m−1∑
k=0
hkx
k ∼= (h0, . . . , hm−1). Let 0 ≤ s < m. Then
truncate : Tsh = rem(h, x
s) ∼= (h0, . . . , hs−1)
rotate : Rm,sh = rem(x
m−sh, xm − 1) ∼= (hs, hs+1, . . . , hm−1, h0, . . . , hs−1)
Definition 5 (Inverse cyclotomic polynomial). The m-th inverse cyclotomic polynomial Ψm is defined as
Ψm =
xm − 1
Φm
We will use the notation ψ(m) = degΨm. See [33] for various interesting properties.
From now on, through out the paper, we will assume that p > m and 0 ≤ i ≤ ϕ (m)− 1.
Lemma 6 (Relation between blocks). We have
1. fm,p,i,0 = fm,p,i,j for 0 ≤ j ≤ q − 1
2. fm,p,i,q = Trfm,p,i,0
3. fm,p,i+1,0 = Rm,rfm,p,i,0 − ai+1Ψm
Remark 7. The above lemma shows that the blocks fm,p,i,0 play role of “representatives”.
Proof. We begin by representing Φmp as a formal power series, as usual:
Φmp =
Φm (x
p)
Φm (x)
= Φm (x
p)
1
xm − 1
Ψm = −
∑
s≥0
asx
sp
∑
u≥0
xumΨm =
∑
s≥0
xsp
∑
u≥0
xumCs (1)
where Cs = −asΨm. Thus Φmp is the p-shifted sum of the m-shifted sum of Cs. It is illustrated by the first
diagram in Figure 1. Now we are ready to prove each claim one by one. For this we will repeatedly refer
to the second diagram in Figure 1. Note that the m-block fm,p,i,0 can be obtained from Φmp by taking the
slice of length m from ip. It is illustrated by the first block.
1. fm,p,i,0 = fm,p,i,j for 0 ≤ j ≤ q − 1
The m-block fm,p,i,j is obtained by taking the slice of length m from ip+ jm. It is illustrated by the
second block. Comparing the two blocks fm,p,i,0 and fm,p,i,j, we observe that fm,p,i,0 = fm,p,i,j, that
ism, fm,p,i,j does not depend on j.
2. fm,p,i,q = Trfm,p,i,0
The r-block fm,p,i,q is obtained by taking the slice of length r from ip + qm. It is illustrated by the
third block. Comparing the two blocks fm,p,i,0 and fm,p,i,q, we observe that fm,p,i,q consists of the
first r terms of fm,p,i,0, that is, fm,p,i,q = Tr fm,p,i,0.
3. fm,p,i+1,0 = Rm,rfm,p,i,0 − ai+1Ψm
The m-block fm,p,(i+1),0 is obtained by taking the slice of length m from (i+ 1) p. It is illustrated by
the fourth block. Comparing the two blocks fm,p,i,0 and fm,p,i+1,0, we observe the followings.
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pm
C0 C0
C1 C1
Φm
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · ·
·
·
·
·
·
fm,p,i,0
C0 C0
Ci Ci
ip
m
· · · · ·
· ·
fm,p,i,j
C0 C0
Ci Ci
ip+ jm
m
· ·
· ·
fm,p,i,q
C0 C0 C0
Ci Ci
Ci+1 Ci+1
ip+ qm
r
· · ·
· · ·
· · ·
fm,p,i+1,0
r
m
(i+ 1)p
·
·
·
·
·
·
Figure 1: Relation between blocks
(a) The m-block fm,p,i,0 consists of i+ 1 rows and the m-block fm,p,i+1,0 consists of i+ 2 rows.
(b) The sum of the first i+1 rows of fm,p,i+1,0 is the rotation of fm,p,i,0 by r modulo m. This happens
because rem(p,m) = r.
(c) The last row of fm,p,i+1,0 is Ci+1
Putting together, we have fm,p,i+1,0 = Rm,rfm,p,i,0 + Ci+1 = Rm,rfm,p,i,0 − ai+1Ψm.
Theorem 2 (Explicit expression for blocks). We have
fm,p,i,0 = ΘiΨm
where Θi is defined by
Θi = rem
(
wi(x
m−r),Φm
)
wi(x) = −
∑
0≤s≤i
asx
i−s Φm =
∑
s
asx
s
Proof. We prove the claim by induction on i. When i = 0. The claim is immediate from
fm,p,0,j = −a0Ψm from (1)
Θ0Ψm = rem
(
w0(x
m−r),Ψm
)
Ψm = −a0Ψm
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Assume that the claim is true up to i− 1. It suffices to show the claim holds for i. Note
fm,p,i,j = Rm,rfm,p,i−1,j − aiΨm from Lemma 6-3
= rem
(
xm−rfm,p,i−1,j, x
m − 1
)
− aiΨm from Notation 4
= rem
(
xm−rΘi−1Ψm, x
m − 1
)
− aiΨm from the induction hypothesis
= rem
(
xm−rΘi−1Ψm, ΦmΨm
)
− aiΨm since x
m − 1 = ΦmΨm
=
(
rem
(
xm−rΘi−1, Φm
)
− ai
)
Ψm by factoring out Ψm
= rem
(
xm−rΘi−1 − ai, Φm
)
Ψm since degΦm > deg ai
= rem
(
−xm−r
i−1∑
s=0
asx
(m−r)(i−1−s) − ai, Φm
)
Ψm from the definition of Θi−1
= rem
(
−
i−1∑
s=0
asx
(m−r)(i−s) − ai, Φm
)
Ψm by pushing x
m−r into the summation
= rem
(
−
i∑
s=0
asx
(m−r)(i−s), Φm
)
Ψm since ai = aix
(m−r)(i−i)
= ΘiΨm from the definition of Θi
as desired
From the explicit expression of m-blocks, we can extract two immediate but useful properties of m-blocks.
Corollary 8 (Non-zero). fm,p,i,0 6= 0
Proof. Suppose that fm,p,i,0 = 0 for some i. Since Ψm 6= 0, from Theorem 2, we have
Φm (x) | wi(x
m−r)
Let ζ be an m-th primitive root of unity. Then we have wi(ζ
m−r) = 0, because m and m− r are relatively
prime. Note that ζm−r is also an m-th primitive root of unity and the degree of its minimal polynomial is
ϕ(m). However, wi (x) = a0x
i + · · · 6= 0 and degwi (x) < ϕ(m). Contradiction.
Corollary 9 (Degree difference). deg fm,p,i,0 − tdeg fm,p,i,0 ≥ ψ (m) and the equality holds when i = 0.
Proof. Note
deg fm,p,i,0 − tdeg fm,p,i,0
= deg (ΘiΨm)− tdeg (ΘiΨm) from Theorem 2
= (degΘi + degΨm)− (tdegΘi + tdegΨm) by expanding
= degΘi + ψ (m)− (tdegΘi + 0) from tdegΨm = 0
= degΘi − tdegΘi + ψ (m) by simplifying
Hence
deg fm,p,i,0 − tdeg fm,p,i,0 ≥ ψ (m) since tdegΘi ≤ degΘi
deg fm,p,i,0 − tdeg fm,p,i,0 = ψ (m) since Θ0 = −1
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3 Gaps
In this section, we will prove the main result of this paper (Theorem 1) utilizing the block structures found
in the previous section (Section 2). For this, let us first recall the precise definition of maximum gap [24].
Definition 10 (Maximum gap). Let f = a1x
e1+a2x
e2+· · ·+anx
en , where a1, · · · , an 6= 0 and e1 < · · · < en.
Then the maximum gap of f , written as g(f) is given by
g(f) = max
0≤i<n
ei+1 − ei
Lemma 6-1, Theorem 2 and Corollary 8 motivate the following notations of the gaps within and between
the blocks in Φmp.
Notation 11 (Block gaps). Let
gwm,i : maximum gap within fm,p,i,0 (the first m-block in i-th p-block)
gwr,i : maximum gap within fm,p,i,q (the r-block in i-th p-block)
gbm,i : gap between fm,p,i,0 and fm,p,i,1 (the first two m-blocks within the i-th p-block)
gbr,i : gap between fm,p,i,q−1 and fm,p,i,q (the last m-block and the r-block within the i-th p-block)
gbp,i : gap between fm,p,i−1 and fm,p,i (the i-th p-block and the (i− 1)-th p-block)
In some cases, the above quantities are meaningless. In such cases, for the sake of notational simplicity, we
will assign 0 to them, that is,
gwr,i = 0 if fm,p,i,q = 0
gbm,i = 0 if q = 1
gbr,i = 0 if fm,p,i,q = 0
gbp,i = 0 if i = 0
Example 12. We illustrate the notations for m = 15 and p = 53 as in Example 2 . The following diagram
illustrates the division of Φmp from the p-block when i = 2 to the beginning of the p-block when i = 4. The
dark bar stands for non-zero term and the white bar stands for zero term.
i = 2
p
m m m r
i = 3
p
m m m r
i = 4
gwm,2 g
w
r,2 g
b
p,3 g
b
m,3 g
b
r,3 g
b
p,4
Next we express the maximum gap of Φmp in terms of the block gaps.
Lemma 13. g (Φmp) = max
0≤i≤ϕ(m)−1
{
gwm,i, g
w
r,i, g
b
m,i, g
b
r,i, g
b
p,i
}
Proof. Immediate from Lemma 6-1, Theorem 2 and Corollary 8.
The above lemma tells us that we need to investigate the block gaps: gwm,i, g
w
r,i, g
b
m,i, g
b
r,i, g
b
p,i. In particular,
we need to show that each block gap is less than or equal to ϕ (m) and at least one of them is equal to ϕ (m).
In the following, we will do so one by one.
Lemma 14. gwm,i ≤ ϕ (m)
Proof. We will first prove a more general claim. Then the lemma will follow immediately.
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1. Let h = vΨm such that deg h < m. Then g (h) ≤ ϕ(m).
We prove the claim by contradiction.
(a) Assume g(h) > ϕ(m). Let
h =
t∑
i=1
hi x
ei
where 0 ≤ e1 < e2 < · · · < et < m and h1, . . . , ht 6= 0. Then for some k we have
g(h) = ek − ek−1 > ϕ(m).
(b) Note
hΦm =
t∑
i=1
hi x
ei Φm(x) =
t∑
i=1
Bi where Bi = hix
eiΦm(x)
The polynomials B1, . . . , Bt are visualized in the following diagram
·
·
·
·
·
·
ϕ(m)
g(h)
B1
Bk−1
Bk
Bt
ek−1 ek
where the black color indicates that the corresponding exponent (term) occurs in the polynomial
and the grey color indicates that we do not need to know whether it occurs or not.
Observe that the term xek appears only in Bk and thus it does not get cancelled during the
summation. Hence
coeffek (hΦm) 6= 0
(c) Note
hΦm = vΨmΦm = v (x
m − 1) = vxm − v
Observe
deg v < ϕ (m) < ek < m ≤ tdeg (vx
m)
Hence
coeffek (hΦm) = 0
(d) Contradiction.
2. gwm,i ≤ ϕ(m).
Immediate from applying the above claim to the expression in Theorem 2.
Lemma 15. gwr,i ≤ ϕ (m) .
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Proof. When fm,p,i,q = 0, the claim is vacuously true. When fm,p,i,q 6= 0, the claim is immediate from
gwr,i = g (fm,p,i,q)
= g (Trfm,p,i,0) from Lemma 6-2
≤ g (fm,p,i,0) since truncation does not increase gap
≤ ϕ (m) from Lemma 14
Lemma 16. gbm,i ≤ ϕ (m)
Proof. When q = 1, the claim is vacuously true. When q > 1, the claim is immediate from
gbm,i = m+ tdeg fm,p,i,1 − deg fm,p,i,0
= m+ tdeg fm,p,i,0 − deg fm,p,i,0 from Lemma6-1
≤ ϕ (m) from Corollary 9
Lemma 17. gbr,i ≤ ϕ (m) and the equality holds when i = 0.
Proof. When fm,p,i,q = 0, the claim is vacuously true. When fm,p,i,q 6= 0, note
gbr,i = m+ tdeg fm,p,i,q − deg fm,p,i,q−1
= m+ tdeg Trfm,p,i,0 − deg fm,p,i,0 from Lemma 6-1,2
= m+ tdeg fm,p,i,0 − deg fm,p,i,0 since fm,p,i,q 6= 0
≤ ϕ (m) from Corollary 9
Lemma 18. gbp,i ≤ ϕ (m)
Proof. When i = 0, the claim is vacuously true. Hence from now on we assume that i ≥ 1. The proof is a
bit long. Hence we will divide the proof into several claims and their proofs.
1. deg fm,p,i,0 = degRm,rfm,p,i−1,0
(a) Ψm | fm,p,i,0 from Theorem 2.
(b) Ψm | Rm,rfm,p,i−1,0 from Lemma 6-3 and the step above.
(c) Rm,rfm,p,i−1,0 6= 0 from Corollary 8 and Notation 4.
(d) ψ (m) ≤ degRm,rfm,p,i−1,0 from the two steps above.
(e) ψ (m) ≤ deg fm,p,i,0 from Corollary 9.
(f) deg fm,p,i,0 = degRm,rfm,p,i−1,0 from Lemma 6-3.
2. deg fm,p,i−1 = deg fm,p,i,0 + p−m
Note
deg fm,p,i−1
=
{
deg fm,p,i−1,q + qm if fm,p,i−1,q 6= 0
deg fm,p,i−1,0 + (q − 1)m if fm,p,i−1,q = 0
from Notation 1, Lemma 6-1 and Corollary 8
=
{
degRm,rfm,p,i−1,0 − (m− r) + qm if fm,p,i−1,q 6= 0
degRm,rfm,p,i−1,0 + r + (q − 1)m if fm,p,i−1,q = 0
from Notation 4 and Lemma 6-2
= degRm,rfm,p,i−1,0 + p−m from p = qm+ r
= deg fm,p,i,0 + p−m from the last claim
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3. gbp,i ≤ ϕ (m)
Note
gbp,i = p+ tdeg fm,p,i − deg fm,p,i−1
= p+ tdeg fm,p,i,0 − (deg fm,p,i,0 + p−m) from the last claim
= m+ tdeg fm,p,i,0 − deg fm,p,i,0 by simplifying
≤ ϕ (m) from Corollary 9
Finally we “combine” the previous results to prove the main result.
Proof of Main Result (Theorem 1). Recall Lemma 13
g (Φmp) = max
0≤i≤ϕ(m)−1
{
gwm,i, g
w
r,i, g
b
m,i, g
b
r,i, g
b
p,i
}
By applying Lemmas 14, 15, 16, 17 and 18 to the above expression, we finally have
g (Φmp) = ϕ (m)
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